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In this paper concave surface scanning method based on x-ray scattering in whispering gallery effect is
considered. The capabilities of this method are studied based on ray-tracing computer simulation. The
dependence of the output x-ray beam on the RMS roughness and minimum detectable imperfection height
estimations were obtained.
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I. INTRODUCTION
In third generation synchrotron light sources and in
free-electron lasers, ultra-smooth mirrors with complex
geometry are necessary to focus and control the X-ray
beam1,2. Also there is a great demand in modern as-
tronomy for large ultra-smooth telescope mirrors with a
diameter of 10 to 100 meters3,4. In order to produce
ultra-smooth mirrors with polishing techniques surface
quality monitoring methods are required.
Currently, there is a number of surface scanning tools:
stylus and optical profilometry5–7, atomic force and tun-
nel microscopy8, methods based on neutron, light and
x-ray scattering9,10 and various interference schemes11.
They have different applications and give surface rough-
ness information in different spatial frequency ranges.
For instance, optical profilometry scanning methods can
be applied to mirrors with complex geometry, but the
minimum longitudinal surface roughness size that can
be detected is constrained in order of magnitude by the
wavelength of the probing radiation12. In mechanical
profilometry stylus contacting the surface damages it to
a certain extent13.
In this paper the capabilities of the concave surface
scanning method based on x-ray scattering in whispering
gallery effect are studied. In the considered surface scan-
ning method it’s proposed to investigate concave mirrors
with x-ray beam, which “slides” over the surface due
to whispering-gallery phenomenon. This phenomenon
comes from acoustics where it’s name originates. Whis-
pering gallery is a type of effective x-ray light propagation
over a concave mirror, where an x-ray beam reflects mul-
tiple times over the mirror with small grazing angle θinc
smaller than the critical grazing angle θcrit = |1 − ε|1/2.
By each act of beam reflection some of the light can be
scattered from surface roughness. Scattered light can be
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absorbed by the mirror or propagate out of the surface
at angles distinct from specular reflected light. Thus,
light scattering leads to reduced efficiency of beam trans-
fer and altered angular distribution of the output beam.
This change in angular distribution contains information
about the surface roughness.
The transfer efficiency for a concave mirror with rota-
tion angle ψ (fig. 1) and x-ray beam falling on the mirror
with grazing angle θinc equals
14:
Rwg(θinc, λ) = (RF(θinc, λ))
N
, N =
[
ψ
2θinc
]
+ 1 (1)
where RF — Fresnel reflectance, N — number of ray
reflections in whispering gallery propagation.
The transfer efficiency Rwg depends only on the mir-
ror’s rotation angle ψ and by orders of magnitude higher
compared to the single reflection case for θinc > θcrit.
This fact allows to apply considered scanning method to
the concave mirrors with various sizes and shapes as well
as to mirrors made of different materials. Moreover, the
probing beam in whispering gallery propagation mode
reflects from the mirror multiple times along it’s trace.
Thus, x-ray beam scans the entire surface in a single pass.
To present, the possibility of obtaining statisti-
cal roughness characteristics for cylindrical whispering
gallery mirrors based on x-ray scattered light analysis
has been investigated15, and also the problem of x-ray
beam scattering on spherical mirror without taking scat-
tering from surface roughness into consideration has been
studied16.
Two practical problems are posed in this paper:
• Obtaining the statistical characteristics of the sur-
face roughness from the angular distribution of the
output beam.
• Surface defects detection.
All these problems are studied based on ray tracing com-
puter simulation17. The dependence of the output x-ray
beam on the statistical surface roughness characteristics
and minimum imperfection size estimations that can be
detected using the x-ray surface investigation method
considered in this paper were obtained.
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Figure 1. Experimental setup for concave spherical mirrors
study; All ray tracing simulations were performed with the
following parameter values: L1 = 195 mm, L2 = 185 mm,
S = 60 mm
II. COMPUTER SIMULATION OF X-RAY BEAM
SCATTERING
A. Experimental setups
Let us consider two experimental setups for concave
mirrors study (fig. 1). In the former (fig. 1a) the non-
collimated beam from extended source located at a tan-
gent to a mirror falls on the concave mirror, and in the
latter (fig. 1b) a collimated beam falls at a tangent on a
concave mirror. The incident x-ray light was considered
monochromatic with Copper Kα wavelength.
We note that the latter scheme is more informative
but requires careful alignment of the incident beam with
respect to the surface. The latter scheme also allows
one to reconstruct the shape of a surface defect on the
mirror from tilt-series of the x-ray beam, which was done
by Yakimchuk et al. for a fingerprint on the spherical
mirror16,18. The surface defects detection problem was
posed to examine the sensitivity of the given technique.
Surface defects were modeled by truncated spheres
placed on a mirror(fig. 1b). They were specified by sur-
face coordinates xc, yc, the width dimp and the height
himp of the defect.
B. Ray tracing algorithm
To establish whether it is possible to investigate con-
cave mirrors by the output beam measurements, a com-
puter simulation of an x-ray beam scattering on a concave
surface based on the ray tracing algorithm was carried
out. In ray tracing technique the beam is treated as a
bundle of unit power rays (in the order of 108–109 in our
calculations). Every ray is traced separately. With each
act of ray incidence three events may happen:
1. The ray reflects specularly from the surface. The
probability of this event is equal to specular reflec-
tion coefficient Rspec.
2. The ray scatters on the surface roughness. The
probability is equal to total integrated scatter TIS.
In this case a pair of random numbers, which are
the scattering angles θ and ϕ, are generated. The
former is grazing angle in incidence plane and the
latter is rotation angle in the azimuthal plane. The
distribution density is defined by the normalized
scattering indicatrix Φ(θ, ϕ; θinc)/TIS.
3. The ray may be absorbed with the probability 1−
Rspec − TIS. In this case the computer begins to
trace a new ray.
To choose one of three possible outcomes a random
number generator in the interval [0; 1] is used. A number
falling into the interval [0;TIS], or [TIS;TIS + Rspec],
or [TIS + Rspec; 1] determines which event is realized,
respectively. The procedure repeats until the ray escapes
from the opposite side of the mirror.
C. Surface roughness modulation
In our calculations the specular reflection coefficient
Rspec and the total integrated scatter TIS in Kirch-
hoff approximation were used, in which they are de-
fined by Fresnel reflectance RF(θinc, λ) and Debye–Waller
factor13,14.
The statistical properties of surface roughness are de-
scribed by the power spectral density (PSD) function,
which is the Fourier transform of the autocorrelation
function. We used ABC-model PSD-function character-
ized by root-mean-square (RMS) roughness σ, correlation
length ξ and fractal dimension of a surface D19:
PSD2DABC(ν) =
σ2ξ2α
pi(1 + ν2ξ2)1+α
(2)
where α defines the fractal dimension Dfrac = 3 − α,
0 < α < 1.
In the first-order perturbation theory the scattering
indicatrix Φ(θ, ϕ; θinc) is defined by PSD-function
14.
III. DISCUSSION OF THE COMPUTER SIMULATION
RESULTS
A. Influence of surface roughness scattering on spatial
distribution of the output beam
The fig. 2 demonstrates results of x-ray beam scatter-
ing on a ideally smooth spherical mirror and on a rough
spherical mirror in cases of collimated (figs. 2a and 2b)
and non-collimated incident beam (figs. 2c and 2d). In
these figures we see bright spot of x-ray light propagated
over the mirror in whispering gallery regime and back-
ground signal consisted of x-ray light scattered on the
3(a) σ = 0 nm (b) σ = 1.2 nm
(c) σ = 0 nm (d) σ = 1.2 nm
Figure 2. The intensity distribution in the detector plane of
the output beam scattered on a spherical mirror with different
root-mean-square roughness σ for cases of collimated (a, b)
and non-collimated (c, d) incident beam. Following parame-
ters were used: R = 1000 mm, D = 60 mm and ψ = 3.44°
surface roughness and x-ray light reflected from the mir-
ror only one time with grazing angle θinc > θcrit. In
case of non-collimated incident beam the output beam
is highly divergent with divergence angle θdiv =
S+D
2L1
=
17.63°.
The fig. 3 demonstrates the dependences of the back-
ground signal fraction on the RMS roughness. These de-
pendences were obtained from numerical simulation re-
sults of x-ray beam scattering on spherical mirrors with
different geometries and different RMS roughness in cases
of collimated and non-collimated incident beam. The
background signal fraction was defined as the ratio of
the background signal power to the total output beam
power. These graphs correspond to the dependence of
the total integrated scatter TIS on the RMS roughness
with a high accuracy, and the dependences of the back-
ground signal fraction for different mirrors and different
incident beam geometries differ by a constant. This con-
stant is the background power of one time reflected light.
Besides, a mirror absorbs the most part of scattered
light, thus surface roughness scattering decreases effi-
ciency of the mirror. Computer simulation has shown
that the mirror efficiencies for the two considered incident
beam configurations are equal to each other within the
error margin. The fig. 4 depicts mirror efficiency depen-
dences for total light and specularly reflected light in the
case of collimated incident beam for different spherical
mirrors. Kozhevnikov and Vinogradov derived estima-
Figure 3. Background signal fraction dependence on the
RMS roughness: interpolations (lines) and ray tracing sim-
ulation results (points) in cases of collimated (round points
and dashed lines) and non-collimated incident beam (rectan-
gular point and dot-and-dashed lines) for mirrors with dif-
ferent geometries: green — R = 1000 mm, D = 60 mm;
red — R = 1500 mm, D = 60 mm; blue — R = 2000 mm,
D = 60 mm
Figure 4. Concave spherical mirror efficiencies for total light
(solid line) and specularly reflected light (dashed line); Mir-
rors are the same as in fig. 3
tions for losses of specularly reflected light in whispering
gallery propagation mode due to scattering on surface
roughness14. These estimations correspond to computer
simulation results (fig. 4):
Routspec(θinc, ψ, σ) ≈ exp
[
−
(
4pi sin2 θinc
λ
)2
ψ
2θinc
]
(3)
B. Influence of surface imperfections on the output beam
A defect placed on a concave mirror will absorb a part
of x-ray light propagating along the mirror in whispering
gallery mode. From the attenuation of whispering gallery
bright spot in the output beam we can reconstruct the
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Figure 5. Ray-tracing schemes for the cylindrical mirror with-
out a surface imperfection (a) and in the presence of an im-
perfection (b)
defect. The probability of the beam falling on the defect
depends on the grazing angle at which the beam prop-
agates along the mirror in the whispering gallery mode.
To analytically find the output beam rays distribution
from the grazing angle, we consider the case of a colli-
mated beam falling on a ideally smooth cylindrical mir-
ror (two-dimensional scattering problem) with radius of
curvature R and diameter D (fig. 5a). In this configura-
tion the grazing angle θinc in the approximation of small
rotation angle ψ = 2 arcsin(D/2R) ≈ D/R 1 equals:
θinc =
√
(y0 +D/2)D cos(ψ/2)
R
(4)
The incident beam is collimated, so y0 is uniformly dis-
tributed along the interval [−D/2, D/2]. Then from the
(4) the grazing angle distribution of output rays fout(θinc)
could be derived:
fout(θinc) ∼=
{
CwgRwg(θinc, λ)θinc, θinc < θcrit
0, θinc > θcrit
(5)
where Cwg = (
∫ θcrit
0
Rwg(θinc, λ)θinc dθinc)
−1 — the
normalizing constant.
Next, we consider a surface defect of height himp placed
in the center of the mirror {0, 0} (fig. 5b). A ray propa-
gating along the mirror in whispering gallery mode with
a grazing angle θinc is determined by the point of in-
cidence on the mirror ϕ0 ∈ [0, 2θinc] before the defect.
For the considered configuration, the probability of a ray
passing past the imperfection P (himp, θinc) and the in-
tensity of the output beam Jout(himp) normalized to the
output intensity without a defect in the approximation
θinc, ϕ0  1 could be obtained (fig. 6):
P (himp, θinc) =
√
θ2inc − 2himp/R
θinc
(6a)
Jout(himp) =
∫ θcrit√
2himp
R
fout(θinc)P (himp, θinc)dθinc (6b)
The analytic output beam attenuation Jout(himp) was
compared with ray tracing simulation of collimated beam
Figure 6. The output beam intensity for the mirrors with
different rotation angles: the dotted line — theoretical es-
timates (based on the (6b)), solid — computer simulation
results; Mirrors geometries are the same as in fig. 3
falling on a rough spherical mirrors with defect placed
in the center of the mirror (fig. 1b). The fig. 6 demon-
strates the output beam intensity in surface imperfection
localization area for imperfections with different heights
himp and spherical mirrors with different rotation an-
gles ψ. The output beam intensities at defect heights
himp >∼ 7µm are close for different mirrors and do not
correspond to theoretical estimations. At given defect
heights, the output x-ray light in defect localization area
corresponds mostly to one time reflected light, which is
not considered in the foregoing analysis.
In order to estimate the minimum detectable defect
height hmin, we use the detection limit
20:
〈Iout〉 − I impout > 3σIout (7)
where 〈Iout〉 — the mean output intensity, I impout — the
output intensity in defect localization area and σIout —
the standard deviation of the output intensity.
The output beam is registered by a matrix sensor, the
pixel size ∆bin is chosen equal to the width of the defect
dimp to register the imperfection with minimal noise. In
this case, the standard deviation, normalized to the mean
output intensity, equals:
σIout/〈Iout〉 =
√
∆beam/∆bin − 1
N −∆beam/2∆bin + 1 (8)
where ∆beam — the transverse width of the output beam
in the case of the collimated incident beam:
∆beam ≈
√
D2 − 4R2 sin2 α
cosα
,
α = arcsin
(
D
2R
)
− θcrit
2
(9)
The detection condition allows us to estimate the min-
imum detectable defect height, for a mirror with a radius
5(a) (b)
Figure 7. The output beam intensity for the mirror and the
defect with following parameters: the mirror radius of curva-
ture R = 2 m, the mirror diameter D = 60 mm, the defect
width dimp = 100µm, the defect height himp = 344 nm; (a)
— in the detector plane, (b) — in the detector plane as a
function of the transverse coordinate
of curvature R = 2 m and diameter D = 60 mm and a
defect of width dimp = 100µm, the height is 344 nm. The
output beam intensity in the detector plane at the fore-
going parameters is shown on fig. 7. In the center of the
fig. 7a, a region with a lower intensity is clearly visible,
which corresponds to the defect localization area of width
dimp. The latter figure (fig. 7b) depicts the output beam
intensity histogram with bin width ∆bin = dimp. The
output intensity in the defect localization zone satisfies
the detection limit 〈Iout〉 − I impout = 3.21σIout > 3σIout .
IV. CONCLUSIONS
In this paper, a ray-tracing algorithm with surface
roughness scattering was outlined, a ray-tracing pro-
gram for spherical mirrors was developed21, computer
simulations of x-ray beam scattering on spherical mir-
rors with and without a surface defect were performed.
The dependences of background signal and mirror effi-
ciency on the RMS roughness were obtained. For the
case of a surface defect placed on the mirror, estimates
of the minimum detectable defect height and the output
beam intensity for a defect localization area were made.
Thus, for a spherical mirror with a radius of curvature
R = 2 m and diameter D = 60 mm and a defect of width
dimp = 100 µm, the minimum detectable defect height
is 344 nm. At a given defect height, the output beam
intensity in the defect localization area satisfies the de-
tection limit. The obtained analytic estimations are in
good agreement with the results of numerical simulation.
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